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Abstract

In this paper, we consider a GI/Geo/1 queue with working vacations and vacation interruption. The server takes the
original work at the lower rate rather than completely stopping during the vacation period. Meanwhile, we introduce vaca-
tion interruption policy: the server can come back to the normal working level once there are customers after a service
completion during the vacation period, thus the server may not accomplish a complete vacation. Using matrix-geometric
solution method, we obtain the steady-state distributions for the number of customers in the system at arrival epochs, and
waiting time for an arbitrary customer. Meanwhile, we explain the stochastic decomposition properties of queue length
and waiting time.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we will consider a discrete-time queue that the customer arrivals and service completions
occur at the discrete-time instants. The continuous time queues with vacations have been well investigated.
Details can be seen in the surveys of Doshi [1,2] and the monographs of Takagi [3] and Tian and Zhang
[4]. But, discrete-time queues are more suitable to model and analyze the digital communication system. Mei-
sling [5] firstly presented the discrete-time queue. Hunter [6] collected the early results of the discrete-time
queues. Takagi [7] gave the analysis of various kinds of Geo/G/1 queues. Tian and Zhang [8], Zhang and Tian
[9] investigated a GI/Geo/1 with multiple vacations and a Geo/G/1 queue with multiple adaptive vacations,
respectively. Alfa [10] systematically analyzed a series of models with non-exhaustive service in which both
vacation time and service time follow phase type distribution.

In this paper, we will consider a GI/Geo/1 queue with vacation interruption and working vacations. For
GI/M/1 type queues with server vacations, Tian et al. [11] used the matrix geometric solution method to
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analyze and obtained the expressions of the rate matrix and proved the stochastic decomposition properties
for queue length and waiting time in a GI/M/1 vacation model with multiple exponential vacations. Indepen-
dently, Chatterjee and Mukherjee [12] also researched the GI/M/1 with server vacations. Subsequently, Tian
and Zhang [13,8] discussed the GI/M/1 queue with PH vacations or setup times and discrete-time GI/Geo/1
queue with server vacations.

In the queueing models with vacations in all these literatures, the server cannot take the original work
and can take some assistant work during the vacation period. Recently, Servi and Finn [14] first studied an
M/M/1 queue with working vacation: a customer is served at a lower rate during a vacation. Their work is
motivated and illustrated by the analysis of a WDM optical access network using multiple wavelength
which can be reconfigured. Subsequently, Kim et al. [15], Wu and Takagi [16] generalized results in Servi
and Finn [14] to an M/G/1 queue with working vacation. Baba [17] extended this study to a GI/M/1
queue with working vacation by the matrix-analysis method. Li et al. [18] also analyzed the discrete-time
GI/Geo/1 queue with working vacations and gave the stochastic results for the queue length and waiting
time.

Vacation interruption is introduced by the authors in this paper: the server can stop the vacation once some
indices of the system, such as the number of customers, achieve the certain value in the vacation period. Cer-
tainly, it is possible for the server to take an interrupted vacation, so we call this policy vacation interruption.
In some practical situations, some urgent things happen in the server’s vacation period and the server must
come back to work rather than continuing to take the residual vacation. Especially, for working vacation
models, the server can take service in the vacation period and must come back in some situations, for example
when the number of customers exceeds the special value and if the server continues to take the vacation, the
costs of waiting customers and working in the vacation period will be large. So, vacation interruption is more
reasonable to the queueing system with vacations.

In this paper, the working vacation and vacation interruption are connected and the server enters into vaca-
tion when there are no customers and he can take service at the lower rate in the vacation period. If there are
customers in the system after a service is completed in the vacation period, the server will come back to the
normal working level. Otherwise, he continues the vacation. Using matrix-geometric approach, we give con-
cise expressions of distributions for queue length at an arrival epoch. Meanwhile, we also get the steady-state
distribution for the waiting time of an arbitrary customer. Furthermore, we also present the stochastic decom-
position results for queue length and waiting time.

The rest of this paper is organized as follows. In Section 2, we firstly provide the model formulation of GI/
Geo/1 with vacation interruption and multiple working vacations and establish the embedded Markov chain
at the arrival epochs. In Section 3, we give steady-state distribution for the embedded Markov chain at arrival
epochs. In Section 4, the distribution for the waiting time of an arbitrary customer is obtained. Lastly, we
explain the stochastic decomposition property for queue length at the arrival epoch and two conditional sto-
chastic decomposition structures for waiting time in Section 5.

2. Model formulation and embedded Markov chain

Assume that customer arrivals occur at discrete-time instants t = n�, n = 0,1, . . . Inter-arrival times are
independent and identical distributed (i.i.d) sequences with a general discrete distribution {kj, j P 1} with
mean and probability generating function (PGF) 1/k and A(z), respectively.

The beginning and ending of service occur at discrete-time instants t = n+, n = 0,1, . . . The service times in a
regular busy period and working vacation period follow geometric distributions with the parameters l,
g(g < l), respectively.

A server begins a working vacation at the instant when the queue becomes empty. Suppose the beginning
and ending of vacation occur at the instant t = n+. Vacation time V follows geometric distributions with the
parameters h. During a working vacation arriving customers are served according to arrival order by the rate
g; when a service completes during the vacation period, if there are customer in the queue, the server switches
service rate from g to l rather than keeping on the vacation, and a regular busy period starts. Otherwise, the
server keeps on vacation. Meanwhile, when the vacation ends, if there are customers, the server also comes to
the normal working level. Otherwise, he continues another vacation.
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Suppose sn be the arrival epoch of nth customers with s0 = 0. Let Ln = L(sn � 0) be the number of the cus-
tomers before the nth arrival. Define
J n ¼
1; the nth arrival occurs during a service period;

0; the nth arrival occurs during a working vacation period:

�

The process {(Ln,Jn), n P 1} is a Markov chain with the state space
X ¼ fð0; 0Þg
[
fðk; jÞ; k P 1; j ¼ 0; 1g:
In order to express the transition matrix of (Ln,Jn), let
pði;jÞ;ðk;lÞ ¼ P ðLnþ1 ¼ k; J nþ1 ¼ ljLn ¼ i; J n ¼ jÞ:
Meanwhile, we introduce the expressions below
aj ¼
Xþ1
r¼j

kr
r

j

� �
ljð1� lÞr�j

; j P 0;

bj ¼
Xþ1
r¼j

kr

Xr�ðj�1Þ

i¼1

gð1� gÞi�1ð1� hÞi�1 r � i

j� 1

� �
ljð1� lÞr�i�jþ1

; j P 1;

cj ¼
Xþ1

r¼jþ1

kr

Xr�j

i¼1

hð1� hÞi�1ð1� gÞi
r � i

j

� �
ljð1� lÞr�i�j

; j P 0:
where aj, j P 0 represent the probability that there are j service completions during an inter-arrival time in the
busy period; bj, j P 0 represent the probability that, during an inter-arrival time there are a service completion
in the vacation time and j � 1 service completions in the busy period; cj, j P 0 represent the probability that no
customer is served by rate g, and there are j service completions by the rate g during an inter-arrival time.

Now, we consider the transition probabilities of (Ln,Jn). First, the transition from (i, 1) to (j, 1) occurs if
i + 1 � j services complete during an inter-arrival time. Therefore, we have
pði;1Þ;ðj;1Þ ¼ aiþ1�j; i P 1; 1 6 j 6 iþ 1:
Second, the transition from (i, 0) to (j, 0) occurs only if j = i + 1. So, we have
pði;0Þ;ðj;0Þ ¼
Xþ1
r¼1

krð1� hÞrð1� gÞr ¼ Aðð1� hÞð1� gÞÞ; j ¼ iþ 1:
Third, there are two possible cases to make the transition from (i, 0) to (j, 1). Case 1: if the residual vacation
time is larger than or equal to the service time in the vacation period, during an inter-arrival time, there is one
service completion by the rate g, then the server switches to the normal rate l and i � j customers are served by
the rate l; Case 2: if the residual vacation time is shorter than the service time in the vacation period, no cus-
tomer is served during the vacation time and i + 1 � j customers are served during the service period. Then, we
have
pði;0Þ;ðj;1Þ ¼
biþ1�j þ ciþ1�j 1 6 j 6 i;Pþ1
r¼1

kr
Pr
i¼1

ð1� hÞi�1hð1� gÞið1� lÞr�i ¼ c0; j ¼ iþ 1:

8<:

Similarly,
pði;0Þ;ð0;0Þ ¼
Xþ1
j¼i

bjþ1 þ
Xþ1
j¼iþ1

cj ¼
Xþ1
j¼0

bjþ1 þ
Xþ1
j¼0

cj �
Xi

j¼1

ðcj þ bjÞ � c0

¼ 1� Aðð1� hÞð1� gÞÞ �
Xi

j¼1

ðcj þ bjÞ � c0; i P 1:
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In the above equation, we can compute
Xþ1
j¼0

bjþ1 ¼
Xþ1
j¼1

Xþ1
r¼j

kr

Xr�ðj�1Þ

i¼1

gð1� gÞi�1ð1� hÞi�1 r � i
j� 1

� �
ljð1� lÞr�i�jþ1

¼
Xþ1
r¼1

kr

Xr

i¼1

gð1� gÞi�1ð1� hÞi�1
Xr�ði�1Þ

j¼1

r � i
j� 1

� �
ljð1� lÞr�i�jþ1

¼ g
Xþ1
r¼1

kr

Xr

i¼1

ð1� gÞi�1ð1� hÞi�1 ¼ g
1� ð1� hÞð1� gÞ ð1� Aðð1� hÞð1� gÞÞÞ:
Similarly,
Xþ1
j¼0

cj ¼
hð1� gÞ

1� ð1� hÞð1� gÞ ð1� Aðð1� hÞð1� gÞÞÞ:
From the above equations, we obtain
pð0;0Þ;ð0;0Þ ¼ 1� Aðð1� hÞð1� gÞÞ � c0; pði;1Þ;ð0;0Þ ¼ 1�
Xi

k¼0

ak; i P 1:
Using the lexicographical sequence for the states, the transition probability matrix of (Ln,Jn) can be written as
the Block–Jacobi matrix
eP ¼
B00 A01

B1 A1 A0

B2 A2 A1 A0

B3 A3 A2 A1 A0

..

. ..
. ..

. ..
. ..

. . .
.

266666664

377777775; ð1Þ
where
B00 ¼ 1� Aðð1� hÞð1� gÞÞ � c0; A01 ¼ ðAðð1� hÞð1� gÞÞ; c0Þ;

A0 ¼
Aðð1� hÞð1� gÞÞ c0

0 a0

� �
; Ak ¼

0 bk þ ck

0 ak

� �
; k P 1;

Bk ¼
1� Aðð1� hÞð1� gÞÞ �

Pk
i¼1

ðci þ biÞ � c0

1�
Pk
i¼0

ai

26664
37775; k P 1:
The structure of eP indicates that (Ln,Jn) is irreducible and aperiodic.

3. Steady-state distribution at arrival epochs

Then, we derive the steady-state distribution at arrival epochs by using Neuts’ matrix-geometric approach.
In order to derive the steady-state distribution, we need the lemma below.

Lemma 1. If q = k/l < 1 and h > 0, then the matrix equation R ¼
P1

k¼0RkAk has the minimal non-negative

solution
R ¼
c aðc� nÞ
0 n

� �
;
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where n is the unique root in the range 0 < z < 1 of the equation z = A(1 � l(1 � z)) and
c ¼ Aðð1� hÞð1� gÞÞ; a ¼ hð1� gÞ þ gc
ð1� hÞð1� gÞ � ð1� lð1� cÞÞ :
Proof. Because all Ak are upper triangular, we can assume that R has the same structure as
R ¼
r11 r12

0 r22

� �
:

Then, for k P 1, we have
Rk ¼
rk

11 r12

Xk�1

j¼0

rj
11rk�1�j

22

0 rk
22

264
375:
Substituting Rk into the matrix equation, we obtain
r11 ¼ Aðð1� hÞð1� gÞÞ;

r12 ¼ c0 þ
Xþ1
k¼1

rk
11ðbk þ ckÞ þ r12

Xþ1
k¼1

ak

Xk�1

j¼0

rj
11rk�1�j

22 ;

r22 ¼
Xþ1
k¼0

akrk
22 ¼ Að1� lð1� r22ÞÞ:

8>>>>>><>>>>>>:
ð2Þ
As it is well known, if q = k/l < 1, the third equation has the unique root r22 = n in the range 0 < r22 < 1. Tak-
ing r22 = n and r11 = c into the second equation, we have
r12 1�
Xþ1
k¼1

ak

Xk�1

j¼0

rj
11rk�1�j

22

 !
¼
Xþ1
k¼1

rk
11bk þ

Xþ1
k¼0

rk
11ck ð3Þ
and, we can compute
Xþ1
k¼1

rk
11bk ¼

Xþ1
k¼1

ck
Xþ1
r¼k

kr

Xr�ðk�1Þ

i¼1

gð1� gÞi�1ð1� hÞi�1 r � i
k � 1

� �
lk�1ð1� lÞr�i�kþ1

¼ c
Xþ1
r¼1

kr

Xr

i¼1

gð1� gÞi�1ð1� hÞi�1
Xr�iþ1

k¼1

r � i
k � 1

� �
ðlcÞk�1ð1� lÞr�i�kþ1

¼ gc
Xþ1
r¼1

kr

Xr

i¼1

ð1� gÞi�1ð1� hÞi�1ð1� lð1� cÞÞr�i

¼ gc
ð1� hÞð1� gÞ � ð1� lð1� cÞÞ ðAðð1� hÞð1� gÞÞ � Að1� lð1� cÞÞÞ:
Similarly,
Xþ1
k¼0

rk
11ck ¼

hð1� gÞ
ð1� hÞð1� gÞ � ð1� lð1� cÞÞ ðAðð1� hÞð1� gÞÞ � Að1� lð1� cÞÞÞ:
Thus, we have
Xþ1
k¼1

rk
11bk þ

Xþ1
k¼0

rk
11ck ¼ aðc� Að1� lð1� cÞÞÞ
and, we easily have
1�
Xþ1
k¼1

ak

Xk�1

j¼0

rj
11rk�1�j

22 ¼ 1� Að1� lð1� cÞÞ � n
c� n

¼ c� Að1� lð1� cÞÞ
c� n

:
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Substituting the above equations into (3), we finally obtain the expression for R. We have thata(c � n) > 0 for
q < 1 and h > 0. The specific proof is similar with Tian and Zhang [8] and we do not explain here. h

Theorem 1. The Markov chain eP is positive recurrent if and only if q < 1 and h > 0.

Proof. Based on Theorem 1.5.1 of Neuts [19], the Markov chain eP is positive recurrent if and only if the spec-
tral radius SP(R) = max{c,n} of the rate matrix R is less than 1, and the matrix
B½R� ¼
B00 A01Xþ1

k¼1

Rk�1Bk
Pþ1
k¼1

Rk�1Ak

264
375
has a positive left invariant vector. Evidently, SP(R) = max{c,n} < 1. Substituting the expressions for R, Ak

and Bk in B[R], we obtain
B½R� ¼
1� c� c0 c c0

1� a0aðc�nÞ
cn þ c0

c 0 a0aðc�nÞ
cn � c0

c
a0

n 0 1� a0

n

264
375:
It can be easily verify that B[R] has the left invariant vector
Kð1; c; aðc� nÞÞ: ð4Þ

Thus, if q < 1 and h > 0, the Markov chain eP is positive recurrent. h

If q < 1, let (L,J) be the stationary limit of the QBD process {Ln,Jn}. Let
p0 ¼ p00; pk ¼ ðpk0; pk1Þ; k P 1;

pkj ¼ PfL ¼ k; J ¼ jg ¼ lim
n!1

PfLn ¼ k; J n ¼ jg; ðk; jÞ 2 X:
Theorem 2. If q < 1, the stationary probability distribution of (L, J) is
pk0 ¼ ð1� nÞrck; k P 0;

pk1 ¼ ð1� nÞraðc� nÞ
Xk�1

j¼0

njck�1�j; k P 1;

8><>: ð5Þ
where
r ¼ 1� c
1� nþ aðc� nÞ ; c ¼ Aðð1� hÞð1� gÞÞ:
Proof. With Theorem 1.5.1 of Neuts [19], (p00,p10,p11) is given by the positive left invariant vector (4) and
satisfies the normalizing condition
p00 þ ðp10; p11ÞðI � RÞ�1e ¼ 1
and, substituting R into the above relation, we easily get
K ¼ ð1� nÞ 1� c
1� nþ aðc� nÞ ¼ ð1� nÞr:
Therefore, we obtain
ðp10; p11Þ ¼ ð1� nÞrðc; aðc� nÞÞ:

Using Theorem 1.5.1 of Neuts [19], we have
pk ¼ ðpk0; pk1Þ ¼ ðp10; p11ÞRk�1; k P 1: ð6Þ

Taking (p10,p11) and Rk�1 into (6), we easily obtain the theorem. h
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Thus, we easily obtain the state probabilities of a server in steady-state.
pfJ ¼ 0g ¼
Xþ1
k¼0

pk0 ¼
1� n

1� nþ aðc� nÞ ;

pfJ ¼ 1g ¼
Xþ1
k¼1

pk1 ¼
aðc� nÞ

1� nþ aðc� nÞ :
ð7Þ
Remark 1. If g = 0, i.e., the server does not take service in the vacation period, the results are the same with
the classical results in the GI/Geo/1 queue with multiple vacations (see [8]).
4. Waiting time for an arbitrary customer

In this section, we assume that the service discipline is first-come first-served. Let W and W(z) be the steady-
state waiting time and its PGF, respectively.

Firstly, let H0 be the probability that the server is in the service period when a new customer arrives, and H1

be the probability that the server is in the vacation period and the new customer should wait when a new cus-
tomer arrives. We can easily compute
H 0 ¼
aðc� nÞ

1� nþ aðc� nÞ ; H 1 ¼
ð1� nÞcð1� gð1� cÞÞ

1� nþ aðc� nÞ :
To obtain the distribution for the waiting time, we firstly have two lemmas below. Note that U* and V rep-
resent the service time by the rate g and the vacation time, respectively. Then we have

Lemma 2.1. If U* and V are independent mutually, under the condition U* 6 V, U* also follows the geometric

distribution with parameters h + g(1 � h).

Proof. Firstly, we easily compute
PfU � 6 V g ¼
Xþ1
k¼1

ð1� gÞk�1gð1� hÞk ¼ gð1� hÞ
hþ gð1� hÞ :
Thus,
PfU � ¼ kjU � 6 V g ¼ PfU � ¼ k;U � 6 V g
PfU � 6 V g ¼ ½ð1� hÞð1� gÞ�k�1½1� ð1� hÞð1� gÞ�: �
Similarly, we have

Lemma 2.2. If U* and V are independent mutually, under the condition U* > V, V also follows the geometric dis-

tribution with parameters h + g(1 � h), and the distribution is given by
PfV ¼ kjU � > V g ¼ ½ð1� hÞð1� gÞ�k½1� ð1� hÞð1� gÞ�; k P 0:
With these lemmas, we can obtain the distribution for waiting time.

Theorem 3. If q < 1 and h > 0, the PGF of stationary waiting time W is
W ðzÞ ¼ 1� H 0 � H 1 þ H 0

ð1� nÞð1� ð1� lÞzÞ
1� ð1� lð1� nÞÞz

lð1� cÞ
1� ð1� lð1� cÞÞzþ H 1

ð1� cÞð1� ð1� lÞzÞ
1� ð1� lð1� cÞÞz

� gc
1� gð1� cÞ

lz
1� ð1� lÞzþ

1� g
1� gð1� cÞ

ð1� ð1� hÞð1� gÞÞz
1� ð1� hÞð1� gÞz

�
� gð1� hÞ

hþ gð1� hÞ þ
h

hþ gð1� hÞ
l

1� ð1� lÞz

� ��
: ð8Þ
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Proof. Firstly, we easily obtain that the probability that a new customer should not wait is
pfW ¼ 0g ¼ p00 þ gp10 ¼ ð1� nÞrð1þ gcÞ ¼ 1� H 0 � H 1: ð9Þ

When a new customer arrives, if there are k customers and the server is in the normal working period, the
waiting time equals k service times by the rate l. Then, we easily have
Xþ1

k¼1

pk1W k1ðzÞ ¼
Xþ1
k¼1

pk1 l
lz

1� ð1� lÞz

� �k�1

þ ð1� lÞ lz
1� ð1� lÞz

� �k
( )

¼ aðc� nÞ
1� nþ aðc� nÞ

ð1� nÞð1� ð1� lÞzÞ
1� ð1� lð1� nÞÞz

lð1� cÞ
1� ð1� lð1� cÞÞz

¼ H 0

ð1� nÞð1� ð1� lÞzÞ
1� ð1� lð1� nÞÞz

lð1� cÞ
1� ð1� lð1� cÞÞz : ð10Þ
Then, we consider the situation that there are k customers and the server is in the vacation period when the
new customer arrives. There are two cases.

Case 1: if a service completes at the instant t = n+, the waiting time equals k � 1 service times by the rate l,
g
Xþ1
k¼2

pk0

lz
1� ð1� lÞz

� �k�1

¼ gc
ð1� nÞc

1� nþ aðc� nÞ
lð1� cÞ

1� ð1� lð1� cÞÞz

¼ H 1

gc
1� gð1� cÞ

lð1� cÞ
1� ð1� lð1� cÞÞz : ð11Þ
Case 2: if no service completes at the instant t = n+, there are also two cases.
Firstly, if the residual vacation time is larger than one service time by the rate g, i.e., V P U*, after a service

completion in the vacation period, vacation interruption happens and the server comes back to the normal
working level rather than keeping on the vacation. Thus, the waiting time is the sum of one service time by the
rate g under the condition V P U* and k � 1 service times by the rate l. With Lemma 2.1, we have
ð1� gÞ
Xþ1
k¼1

pk0pfV P U �gW k0ðzÞ

¼ ð1� gÞð1� nÞr
Xþ1
k¼1

ck gð1� hÞ
hþ gð1� hÞ

ð1� ð1� hÞð1� gÞÞz
1� ð1� hÞð1� gÞz

lz
1� ð1� lÞz

� �k�1

¼ ð1� gÞð1� nÞc
1� nþ aðc� nÞ

gð1� hÞ
hþ gð1� hÞ

ð1� ð1� hÞð1� gÞÞz
1� ð1� hÞð1� gÞz

ð1� cÞð1� ð1� lÞzÞ
1� ð1� lð1� cÞÞz

¼ H 1

1� g
1� gð1� cÞ

gð1� hÞ
hþ gð1� hÞ

ð1� ð1� hÞð1� gÞÞz
1� ð1� hÞð1� gÞz

ð1� cÞð1� ð1� lÞzÞ
1� ð1� lð1� cÞÞz : ð12Þ
Secondly, if V < U*, when a vacation ends, the server does not complete a service during the vacation and
comes back to the normal level. Therefore, the waiting time equals the sum of the residual vacation time under
the condition V < U* and k service times by the rate l. From Lemma 2.2, we obtain
ð1� gÞ
Xþ1
k¼1

pk0pfU � > V g eW k0ðzÞ

¼ ð1� gÞð1� nÞr
Xþ1
k¼1

ck h
hþ gð1� hÞ

1� ð1� hÞð1� gÞ
1� ð1� hÞð1� gÞz

lz
1� ð1� lÞz

� �k

¼ ð1� gÞð1� nÞc
1� nþ aðc� nÞ

h
hþ gð1� hÞ

1� ð1� hÞð1� gÞ
1� ð1� hÞð1� gÞz

lð1� cÞz
1� ð1� lð1� cÞÞz

¼ H 1

1� g
1� gð1� cÞ

h
hþ gð1� hÞ

1� ð1� hÞð1� gÞ
1� ð1� hÞð1� gÞz

lð1� cÞz
1� ð1� lð1� cÞÞz : ð13Þ
From (9)–(13), we have the result in Theorem 3 by some algebraic manipulation. h
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With the structure in Theorem 3, we can easily get expected waiting time
EðW Þ ¼ H 0

n
lð1� nÞ þ

lð1� cÞ
1� lð1� cÞ

� �
þ H 1

c
lð1� cÞ þ

gc
1� gð1� cÞ

1

l
þ 1� g

1� gð1� cÞ
1

hþ gð1� hÞ 1þ h
1

l

� �� �
:

Remark 2. Because it is possible that the vacation ends at the instant t = n+ when the new customer arrives at
t = n�, the vacation time can be 0 when we consider the waiting time.
5. Stochastic decomposition results

We know that the classical vacation queues have the stochastic decomposition structures for queue length
and waiting time. The model in this paper also has this property.

Firstly, we discuss the distribution for queue length L at the arrival epochs. From Theorem 2, we easily
obtain the distribution for L
pfL ¼ 0g ¼ p00 ¼ ð1� nÞr;

pfL ¼ kg ¼ pk0 þ pk1 ¼ ð1� nÞr ck þ aðc� nÞ
Xk�1

j¼0

njck�1�j

 !
; k P 1:
Theorem 4. If q < 1 and l > g, the stationary queue length L can be decomposed into the sum of two independent

random variables: L = L0 + Ld, where L0 is the stationary queue length of a classical GI/Geo/1 queue without

vacation, follows a geometric distribution with parameter 1 � n. Additional queue length Ld has a modified

geometric distribution
PfLd ¼ 0g ¼ r;

PfLd ¼ kg ¼ ð1� rÞð1� cÞck�1; k P 1;
ð14Þ
where c = A((1 � h)(1 � g)), and r is defined as in Theorem 2.

Proof. From the probability expression of L above, the probability generating function of L is as follows:
LðzÞ ¼
X1
k¼0

zkpk0 þ
X1
k¼1

zkpk1 ¼ ð1� nÞr 1

1� cz
þ aðc� nÞ 1

1� nz
z

1� cz

� �
¼ 1� n

1� nz
r

1

1� cz
ð1� nzÞ þ aðc� nÞ z

1� cz

� �
¼ 1� n

1� nz
1

d
1� cþ ðaþ 1Þðc� nÞ ð1� cÞz

1� cz

� �
¼ 1� n

1� nz
rþ ð1� rÞ ð1� cÞz

1� cz

� �
¼ L0ðzÞLdðzÞ: ð15Þ
where d = 1 � n + a(c � n). In the equation above, we easily verify
1� r ¼ ðaþ 1Þðc� nÞ
1� nþ aðc� nÞ ¼

l� g
hð1� gÞ þ gc

aðc� nÞð1� cÞ
1� nþ aðc� nÞ : �
Eq. (14) indicates that the additional delay Ld can be written as the mixture of two random variables:
Ld = rX0 + (1 � r)X1, where X0 � 0, X1 follows a geometric distribution with parameter 1 � c. Thus, we eas-
ily obtain
EðLÞ ¼ n
1� n

þ l� g
hð1� gÞ þ gc

aðc� nÞ
1� nþ aðc� nÞ :
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For the waiting time, we can easily verify that there is no complete stochastic decomposition property, but we
can obtain the conditional stochastic decomposition structure when the server is in the busy period.

Denoting W1 the conditional waiting time when the server is in the busy period, i.e., J = 1, we obtain

Theorem 5. W1 can be decomposed into the sum of two independent random variables: W1 = W0 + Wd, where W0

is the waiting time of a classical GI/Geo/1 queue without vacation, follows a modified geometric distribution with

parameter n. Additional queue length Ld has a geometric distribution with parameter l(1 � c).

Proof. From the definition of W1, its PGF is as follows:
W 1ðzÞ ¼
1

pfJ ¼ 1g
Xþ1
k¼1

pk1 l
lz

1� ð1� lÞz

� �k�1

þ ð1� lÞ lz
1� ð1� lÞz

� �k
( )

¼ ð1� nÞð1� ð1� lÞzÞ
1� ð1� lð1� nÞÞz

lð1� cÞ
1� ð1� lð1� cÞÞz :
From Eq. (10), we easily obtain the results and do not explain in detail. h
6. Conclusions

In this paper, we consider a discrete-time GI/Geo/1 queue with working vacations and vacation interrup-
tion and obtain the distributions for queue length and waiting time. With these indices of the system, we can
model some practical problems in the communication networks and computer and evaluate the performance
of those systems. Meanwhile, we also present the stochastic decomposition results for those indices and estab-
lish the theoretical framework for the GI/Geo/1 queue with working vacations and vacation interruption.
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