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ABSTRACT

We introduce ambiguity in conjunction with risk to study the relation between 
risk, ambiguity, and expected returns. Distinguishing between ambiguity and 
attitudes toward ambiguity, we develop an empirical methodology for 
measuring the degree of ambiguity and for assessing attitudes toward 
ambiguity from market data. 

The main findings indicate that ambiguity in the equity market is priced. 
Introducing ambiguity alongside risk provides stronger evidence on the role of 
risk in explaining expected returns in the equity markets.

The findings also indicate that investors’ level of aversion to or love for 
ambiguity is contingent on the expected probability of favorable returns.
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Introduction

Risk in equity markets means that future returns are realized with known probabilities

Ambiguity refers to situations where the probabilities associated with these 
realizations are not known or not uniquely assigned. 

We investigate the relation between risk, ambiguity, and expected return in the equity 
markets over time.



Introduction

numerous studies have investigated the fundamental relation between the risk and 
return of the market portfolio. The findings are conflicting:  
positive relation
 (e.g., French et al., 1987; Campbell and Hentschel, 1992; Guo and Whitelaw, 2006; Pástor et al., 2008 ) 
negative relation
 (e.g.,Black, 1976; Campbell, 1987; Nelson, 1991; Harvey, 2001 ).

Reconcile the risk-return relation

conditional variance (e.g., Glosten et al., 1993; Harvey, 2001 ), 
risk measures (e.g., Ghysels et al., 2005 ). 
time-varying risk aversion (e.g.,Campbell and Cochrane, 1999 ), 
investor sentiment (e.g., Yu and Yuan, 2011 ). 

Ambiguity ——one of the determinants of expected return
(e.g., Epstein and Schneider, 2008 , Anderson et al., 2009; Antoniou et al.,2015 ). 
Theory but not empirical
Experiments data but not Market data 
aversion to ambiguity but not the impact of ambiguity on financial decision-making. 



Introduction

Based on this idea, we propose an empirical measure of ambiguity, which is independent 
of risk, attitudes toward risk, as well as attitudes toward ambiguity. 

e.g 1：
-d=−10% and u=20% .  
P(d)=P(u)=0.5
The expected return is thus 5%, 
The standard deviation of the return (measuring the degree of risk) is 15%.
In this case, since the probabilities are known, ambiguity is not present.
e.g 2:
P(d)=0.4 and P(u)=0.6 or P(d) = 0.6 and P(u)=0.4
Investors now face not only risk but also ambiguity.



Introduction

Our measure ambiguity  depends only on the probabilities of outcomes. Thereby, 
ambiguity is measured independently of risk.

Under EUUP, there are two phases of the decision-making process: 
In the first phase, the investor forms her perceived probabilities for all events that are 
relevant to her decision. 
In the second phase, she assesses the expected value of each alternative using her 
perceived probabilities and chooses accordingly.

Ambiguity—the uncertainty about probabilities—dominates the first phase, while
risk—the uncertainty about outcomes—dominates the second phase.
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The theoretical model

To formally define the uncertain return r, let (S, E , P) be a probability space, where S is 
a state space, E is a subsets of the state space (i.e., a set of events),P is a cumulative 
probability P measure, and the set of probability measures P is convex. 

ambiguity attitude �( ·)
�  [ 0 , 1 ] → R . 
ambiguity aversion takes the form of a concave �( ·)
ambiguity loving takes the form of a convex �( ·), 
and ambiguity neutrality the form of a linear �( ·). 



The theoretical model

where P( r ) is the cumulative probability of return being lower than r . 

Consider a decision to invest one unit of wealth, where future consumption is determined 
by the one-period (uncertain) return r , which is the only source of wealth. In EUUP, when 
the investor does not distort perceived probabilities, the expected utility of this investment 
opportunity can be approximated by



The theoretical model

The uncertainty premium of a risky and ambiguous consumption 1 + r

First, it distinguishes between the risk premium and the ambiguity premium. 
Second, within each premium, it distinguishes between the two sources of the 
premium: attitudes and beliefs.

                      Aversion to ambiguity，implies a positive ambiguity premium

                       Love for ambiguity，implies a negative premium.

A higher degree of ambiguity or a higher aversion to ambiguity result in a  
greater ambiguity premium. 



The theoretical model

Hypothesis 1 . When ambiguity is accounted for, the risk premium is positive, as 
investors typically exhibit risk aversion.

Hypothesis 2 . Investors typically exhibit aversion to ambiguity when expecting 
favorable returns. Therefore, for a relatively high expected probability of favorable 
returns, the ambiguity premium is positive.

Hypothesis 3 . Investors typically exhibit love for ambiguity when expecting unfavorable 
returns. Therefore, for a relatively high expected probability of unfavorable returns, the
ambiguity premium is negative.

Hypothesis 4 . Aversion to ambiguity increases with the expected probability of 
favorable returns and love for ambiguity increases with the expected probability of 
unfavorable returns. Therefore, the higher the expected probability of favorable returns, 
the higher is the positive ambiguity premium. On the other hand, the higher the 
expected probability of unfavorable returns, the higher is the negative ambiguity 
premium.
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Data and parameter estimation

Data：intraday data of the ETF SPDR（The SPDR is designed to track the S&P 500 Index）

From：TAQ database

Period: February 1993 to December 2016, 287 months



Data and parameter estimation

Estimating risk and ambiguity:
（1）prices of the SPDR every five minutes from 9:30 a.m. to 4:00 p.m. each day, which 
provides 79 prices for each day. 
Using these prices, we compute the five-minute returns, which provides a maximum of 
78 returns for each day. （For each day in our sample period there are between 33 and 
78 observations.）

（2）daily mean and variance of the return, denoted μ and σ2 , respectively. assume that 
the intraday returns are normally distributed. For each month, there are 20 to 22 
different gain probabilities.
     
（3）To compute the monthly degree of ambiguity，we represent each daily return 
distribution by a histogram. we divide the range of daily returns, from −6% to +6% , into 
60 intervals (bins), each of
width 0.2%. We compute the probability of the return being lower than −6% and higher 
than +6% . We then compute the mean and the variance of the probabilities for each of 
the 62 bins separately.



Data and parameter estimation

r0 = −0 . 06 , w = ri − ri-1=0.002



Data and parameter estimation

Summary statistics.
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Empirical methodology and results

The fundamental hypothesis is that expected ambiguity, in addition to expected 
volatility (risk), is a determinant of the expected return.

Akaike information criterion (AICC)，each p =1 , ... , 10 and q = 1 , . . . , 10 

To estimate the expected probability of unfavorable returns



Empirical methodology and results

However, the functional form of �( ·) is unknown, so we are constrained in 
extracting it from the data.

PE is the expected probability of favorable returns



Empirical methodology and results

Expected values.



Empirical methodology and results

The expected probabilities of favorable returns range from 0.453 to 0.572 Winsorizing 
the very few outlier values provides the range [0.46,0.56] of expected probabilities. This 
range is divided into ten equal intervals (bins) of 0.01 each,  indexed by i . 

The few values lower than 0.46 are indexed as i = 1 , while the few values higher than 
0.56 are indexed as i = 10 . 

The decision to use a ten-bin resolution and not a higher one is dictated by the number 
of observations, 257 (of expected values).

we can write the coefficient of ambiguity attitude as



Empirical methodology and results

Main OLS regression tests.



Empirical methodology and results
Main WLS regression tests.
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Robustness tests
the width of the set of priors
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Robustness tests



Conclusion

In this study, we introduce ambiguity into the traditional risk-return relation. Our  results 
show that the excess return on the market as a whole, known as the equity premium, is 
determined by two distinct factors: ambiguity and risk.

We find that in the case of a high expected probability of gains, the effect of ambiguity is 
positive and highly significant, while for a high expected probability of losses, it is 
negative and highly significant. Furthermore, our findings indicate that aversion to 
ambiguity increases with the expected probability of gains, while love for ambiguity 
increases with the expected probability of losses. 

When we include ambiguity in the pricing model, the effect of risk is positive and 
significant, while its effect is insignificant when ambiguity is not accounted.
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