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• （1）estimation risk

To implement the mean-variance optimal portfolio, we need to know the true values 
of asset means, variances, and covariances, which are unavailable in practice and must 
be estimated from historical data. Treating estimated parameters as true parameters, the 
plug-in method typically results in a substantial deterioration in out-of-sample portfolio 
performance. This is the well-known estimation risk problem.

When estimated parameters instead of true parameters are used, the plug-in portfolio 
p underperforms the true optimal portfolio p∗ because of estimation errors.

关键概念



• （2）the plug-in rule

In practice, µ and Σ are unknown, 

and they need to be estimated

• （3）the optimal combining strategy（one of Invariant Optimal Portfolio Rules）



• （4）Shrinkage covariance matrices estimators

收益率预测的贝叶斯收缩



• （4）Shrinkage covariance matrices estimators



• （5）Rules with MacKinlay-P'astor Single Factor Structure



Abstract

• We propose an optimal combining strategy to mitigate estimation risk for the 
popular mean-variance portfolio choice problem in the case without a risk-free asset.

• We find that our strategy performs well in general, and it can be applied to known 
estimated rules and the resulting new rules outperform the original ones.

• We further obtain the exact distribution of the out-of-sample returns and explicit 
expressions of the expected out-of-sample utilities of the combining strategy, 
providing not only a fast and accurate way of evaluating the performance but also 
analytical insights into the portfolio construction.（命题和引理中）

Optimal Portfolio Choice with Estimation Risk: No Risk-Free Asset Case



框架



1.  Introduction



In this paper, we focus on the case without a risk-free asset and make several contributions.

①for the no risk-free asset case, there is a lack of studies on optimal portfolio rules that 

explicitly take into account estimation risk, and we provide the first such a rule here.--derive an 

optimal portfolio rule that minimizes the utility loss under estimation risk, and takes the form of 

optimally combining the sample GMV portfolio with a sample zero-investment portfolio.

②we extend the results of prior studies to the no risk-free asset case and show that the newly 

derived optimal combining strategy can be readily combined with the shrinkage covariance 

matrix estimators of Ledoit and Wolf (2004, 2017) or the single factor structure of MacKinlay

and P´astor (2000) to form new optimal portfolios.

③we compare the newly obtained optimal combining portfolios with other portfolio strategies

proposed in the literature, including imposing no-short-sale constraints, ignoring sample mean

(GMV), and non-optimization-based rules such as the 1=N rule and the two timing strategies of 

Kirby and Ostdiek (2012). 

创新之处
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2.1. The Setup

In this section, we present the theoretical results. In particular, the new optimal 

combining coefficient is derived, which facilitates the proposed optimal combining strategy

The investor chooses his portfolio weights w to maximize the mean-variance utility function



2.1. The Setup



2.2. Estimation Risk



2.2. Estimation Risk



2.2. Estimation Risk



2.2. Estimation Risk

命题1



2.2. Estimation Risk

引理1

引理2



2.3. Optimal Combining Coefficient



2.3. Optimal Combining Coefficient
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2.3. Optimal Combining Coefficient
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3. Portfolio Rules

3.1. Invariant Optimal 

Portfolio Rules



3.2. Rules with Shrinkage Covariance Matrix Estimators



3.2. Rules with Shrinkage Covariance Matrix Estimators



3.3. Rules with MacKinlay-P´astor Single Factor Structure



3.4. Rule with No-Short-Sale Constraints



3.5. Other Rules from Portfolio Optimization



3.5. Other Rules from Portfolio Optimization

The portfolio optimally combines the risk-free asset, the sample tangency 

portfolio, and the sample GMV portfolio.

Therefore, an optimal portfolio derived in the risk-free asset case cannot be 

transferred into an optimal portfolio in the case without a risk-free asset.



3.6. Non-Optimization Rules

3.6.1. The 1/N Rule

3.6.2. Volatility Timing



3.6. Non-Optimization Rules

3.6.3. Reward-to-risk Timing



4. Empirical Results

4.1. Certainty Equivalent Return (CER)

4.2. Sharpe Ratio

4.3. Turnover and Performance Net of Trading Costs

we continue to see the portfolios using    outperform those not using    in each 

category after transaction costs.

In addition, portfolios using both      and the shrinkage covariance matrix estimators 

(the single factor structure) continue to outperform the one using     alone.



In this paper, we analyze optimal portfolio choice for the case without a risk-free asset 
under estimation risk. We propose an optimal combining strategy to mitigate the impact of 
estimation risk, which is the first such a rule in the no risk-free asset case.

• We show that the portfolios adopting the new combining strategy outperform those without 
using it in terms of higher CER, higher Sharpe ratio, and lower turnover.

• We show that the optimal combining strategy, in particular the one applied together with the 
shrinkage estimators, performs well against these alternative portfolio rules; and the optimal 
combining strategy applied together with the single factor structure tends to perform well in 
dataset with relatively large number of risky assets.

结论


